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Abstract 

This work deals with F{T) gravity models driven by real scalar fields with usual and 
phantom dynamics. We illustrate the results with examples of current interest, and we find 
some analytical solutions for scale factors and scalar fields. The results indicate that torsion- 
scalar models also admit the accelerated expansion of the universe. 



1 Introduction 



I Various cosmological observations (the Type la Supernova, the cosmic microwave background 

O '< radiation, the large scale structure, and so on) have shown that the universe is undergoing an 

^ ' accelerating expansion and it entered this accelerating phase only in the near past (see, e.g. fTl for 

recent review) . This unexpected discovery of the accelerated expansion of the universe has opened 
one of the most puzzling and deepest problems in cosmology today. Although the cosmological 
constant seems to be the simplest explanation for the phenomenon, several theoretical models 
^ I (such as quintessence, phantom, quintom, the (generalized) Chaplygin gas, and so on) have been 

presented. While some authors sustain the idea of the existence of a dark energy, others propose 
modifications of the General Relativity Lagrangian known as F{R) (see, e.g. [2]-[l] and references 
. therein) as a way to obtain a late accelerating expansion. A great diffculty these theories have, 

from the point of view of the metric formalism, is that the resulting field equations are 4th order 
equations, which in many cases makes these hard to analyze. Alternatively, the Palatini variational 
I approach for such F(R) theories leads to 2nd order field equations, and some authors have achieved 

to put observational constraints to these theories. However in many cases the equations are still 
hard to work with, as evidenced by the functional form of the modified Friedmann equation for a 
generic F{R). 

Recently, models based on modified teleparallel gravity were presented as an alternative to in- 
^ . flationary models [in]-[Il]- The theory so obtained is called as the F{T) theory (see e.g. P^). In 

this theory instead the curvature defined via the Levi-Civita connection, the so-called Weitzenbock 
connection is used [5^. But in this case the theory has no curvature but instead torsion. Similar 
to general relativity where the action is the curvature scalar, the action of teleparallel gravity is 
a torsion scalar T. In analogy to the F{R) theory, in Refs. [in]-IIl] by generalizing the action of 
teleparallel gravity and found that it can explain the observed acceleration of the universe. Let 
us also note here that models based on modified teleparallel gravity may also provide an alterna- 
tive to infiation [10]- [11]. Another advantage the generalized F{T) torsion theory has is that its 
field equations are second order as opposed to the fourth order equations of F{R) theory. In [TS] 
were presented the constraints on some models of the F{T) gravity from the latest observational 
data, including the Type la supernovae released by the Supernova Cosmology Project collabora- 
tion, the baryonic acoustic oscillation from the spectroscopic Sloan Digital Sky Survey and the 
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cosmic microwave background radiation from Wilkinson Microwave Anisotropy Probe seven year 
observation. 

In this paper, we investigate extensions of the F{T) gravity models where the torsion will be the 
responsible of the observed acceleration of the universe but additionally driven by real scalar fields 
with usual and phantom dynamics. We illustrate the results with examples of current interest, 
and we find some analytical solutions for scale factors and scalar fields. The results indicate that 
torsion-scalar models also admit the accelerated expansion of the universe. 



2 F{T) gravity 

Let us we start with the following action for the F{T) gravity |12)-[T5] 

^ " i / '^^'[^^(^) + ^™]' (2.1) 

where T is the torsion scalar, F{T) is general differentiable function of the torsion and Lm cor- 
responds to the matter Lagrangian, fc^ = 8ttG. Here the torsion scalar T is defined as (see e.g. 

m-m) 

T ^ Sji'-TP,, (2.2) 

where 

5p'"' = ^{K^^% + S^T'''e-S;T'^'g). (2.3) 



Here Kj^'^ is the contorsion tensor: 



which equals the difference between Weitzenbock and Levi-Civita connections. So in F{T) gravity 
uses the curvatureless Weitzenbock connection, whose non-null torsion is 

7^,^ =r.^ - r^.= e^idf^el - d,e^^). (2.5) 
Here take place the following formulas 

9t.,^ix) = rj,jelix)el{x), (2.6) 

where 

ei-ej=riij, rj^j ^ diag{l, -1, -1, -I). (2.7) 
The varition of the action (2.1) with respect to the vierbein gives the following field equations [13] 

[e~'d,{eSr - e^T^,S;nFT + S^d^TFTT + \e'iF = (2.8) 

Here e = = e^S^"^ and T^i, is the matter energy- momentum tensor. As we see, Eq.(2.8) 



p 

are 2nd order makes them simpler than the corresponding field equations resulting in the other 
modified gravity theories like F{R), F{G) and so on. We now will assume a flat homogeneous and 
isotropic FRW universe with the metric 

3 

ds^ = -dt^ + a{tf Y^{dx^f, (2.9) 

i=l 

where t is cosmic time. For this metric 

diag{l,a{t).a{t),a{t)), H ^ ^, T ^ -6H^ (2.10) 
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and the modified Friedmann equations and the conservation equation are given by 

UH^Ft + F = 2pp, (2.11) 

iSH'^HFTT - {l'2H^ + 4:H)Ft - F ^ 2k^p, (2.12) 

p + 3H{p + p) = 0. (2.13) 

This set of equations we can rewrite as 

-2TFt + F = 2k^p, (2.14) 

-8HTFTT + {'2T-AH)FT-F = 2k^p, (2.15) 

p + 3H{p + p) = 0. (2.16) 
Note that the last equation can be written as [T3] 

f^ia'p) = -3a^Hp. (2.17) 

Also we note that as F{T) — T Eqs. (2.14)-(2.15) transform to the usual Friedmann equations of 
GR 

^H^^p, ^i2H + SH^) = -p. (2.18) 
So we can rewrite the equations (2.14)-(2.15) as 

^H^^p + PT, ^{2H + 3H^)^-ip + pT), (2.19) 



where 

= -L(2rFT-F + 6i?2), pt^~^[-~8HTFtt + {2T-4H)Ft-F + AH + 6H^] (2.20) 
2/e^ 2fc^ 

are the torsion contributions to the energy density and pressure. We also present the parameter 
of state and the deceleration parameter 

^ = -^+ -2TFr + F ' '^ = -^' ('-'l) 

respectively. 

3 The torsion-scalar model 

Let us we now introduce two functions cf), V as 

e<p^ = -SHTFtt - 4:HFt, V = AHTFtt - '2{T - H)Ft + F, (3.1) 
where dot denotes the time derivative. Hence we get 

-2TFt + F ^2k^[^e^^ + V], (3.2) 
-SHTFtt + {2T - 4:H)Ft -F = 2k^[^e<j)^ - V], (3.3) 
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dV 

ct> + 3H,l>+e— = 0, 

where e = 1 for the usual case and e = — 1 for the phantom case. If we compare these 
with (2.14)-(2.16) we see that 

From here we restrict ourselves for simplicity to the case F = aT + pT^-^. Then 



and 



ed)^ = -AaH, V = -aT + 2aH. 



w = -1 + 4—. 

T 



Now we consider some examples. 

4 Reconstruction for a given a{t) 

4.1 Casel: Ssiniriiit] 
Our first example is 

a = 5sinh™[/ii]. 

For this case we have 



H = fj,mcoth[ij,t], H = —- 



sinh^ [lit] ' e sinh^ \pt] 

Hence we get 



(l) = (l)o± 2\ log[tanh[^]], V = Qarn^ii^ coth^[/xi] - '^^^o!^, . 

V e 2 sinh {pit] 

_j_ 4>-4'o 

So the potential takes the form ( tanh[^] = e ^v^^^^e-i ) 

OiTfi jJi [ _|_ 4>--4'o J _[_ <!>—'t>{) 

4.2 Case II: a = aoe^*"" 

Let a = aoe'"+i . Then if = ot™ and we have 



±4\/— arrive 

and hence 



-I-4a/ — rvvm^c 1 



Then finally we get 



m+l 



'o)(m + l),^™^ ^ ^^((j)- dn)(m + 1) 2(m-i) 



V = ear [— — ; / ] — + 2amS[ ^ 

±4\/— QfTOi^e" ±4v— Q;m(5 



4.3 Case III: a = aot" 
Our next example is given by 

a = aof. (4.8) 

In this case we get 

n . n .„ Ann , -■- •t'-'t'o 

H=^, H = -^, e^2 = ^, ^-^o=±2^/^^ln[t], t = e (4.9) 

and 

V = 2an{3n-l)t-^. (4.10) 
Finally we get the following expression for the potential 

-r- 0-00 

y = 2an(3n-l)e ^/^^. (4.11) 

5 Reconstruction for a given 

5.1 Example 1: (j) = Sta,nh[Xt] 
For the case we get the following formulas 

H = Hq- 0.25Q;-M2Ae(tanh[At] - 3"^ tanh^[Ai]), (5.1) 

V = 6a[i?o - 0.25a-i(52eA(tanh[At] - S'^ taMh^[\t\)f - Q.he5^\^{l - tanh^ [\t\f . (5.2) 
In terms of (j) these formulas become 

H = Ho- O.25a-M^eA0 + U-'^a'^S-'^Xecf)^, (5.3) 

V = 6a[Ho - 0.25a-^5'^eX(l> + 12-'^a-^5-'^Xe(t)^f - 0.5e5^X^{l - S-'^(p^f. (5.4) 

5.2 Example II: (j) = 5cosh~'^[Xt] 
For the case we get the following formulas 

H = Hq- a-^6'^Xe{3-^t&nh^[Xt] - 5-Hanh^[At]), (5.5) 

V = 6a[HQ - a-^6^Xe{3-^ tanh^iAt] - 5"^ tanh^[At])]2 - 2eS'^X^[{l - tanh2[At])^ - (1 - t&iih^[Xt]f] 

(5.6) 

In terms of tj) these formulas become 

H = Ho- a-^S^Xe[3-\l - 5"^)* - 5-^(1 - (5"^)^], (5-7) 

V = 6a[Ho - a-^6^Xe{3-^ tanh3[Ai] - 5"^ tanh^[Xt])]^ - 2eS^X^[{l - t&nh^[Xt]f - (1 - t&nh^ [Xt]f] 

(5.8) 
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6 Deceleration/acceleration phases. Conclusion 



In this section we would like shortly to explore the deceleration-acceleration phases in some above 
considered torsion-scalar models. As an example, let us consider Case II. For this case we have 

2m 

(6.2) 



The boundary of the deceleration and acceleration phases is i = io = (~t) "^^ ^'^'^ hBTie q = 
and w = — i. To the acceleration (deceleration) phase corresponds t > Iq, q < 0, w < 
{t < to, q > 0, w > —^)- If ni ~ —1, then these formulas take the form 5 > 1, q < 0, w < 
— ^(i5<l, q > 0, w > ~^), respectively. To compare, we note that in General Relativity an 
accelerated expansion is only possible if w < — that is the pressure p = is negative. 
Our next example is Case I for which we get 

2 1 
3m cosh^ [fit] ' m cosh^ [iit] 

The acceleration phase corresponds to m^^ < cosh^ [/it], w < and vice versa for the deceler- 
ation phase. 

In this work we have investigated generalized F(T) modified torsion models, that is, models in 
which the torsion gravity equations is extended to include scalar fields. This study is a continuation 
of our program to investigate the F{T) gravity [T3]. Finally we would like to note that although 
to the GR corresponds the model F{T) = T but our particular model F{T) = aT + j3T^-^ also 
gives the same results. 
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